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Abstract 

The aim of the present study is to investigate similarity in the proton exchange 

membrane fuel cells and also to analyze the impacts of geometric scaling on the 

polarization curve. The effects of concentration distribution are analyzed and it is 

illustrated that both lateral and longitudinal variation of the species concentrations 

are important and effective on the polarization curve. Also the similarity is 

examined and it is concluded that the similarity may exist in fuel cells behavior 

considering the proper requirements, and also the effects of scaling on different 

regions of the polarization curve are studied. Here, the two-dimensional, single-

phase, steady-state, isothermal, and multi-component system of flow fields 

governing equations are used besides the equations for electric and ionic potentials 

to simulate the fuel cell operation, where the cell-centered finite-volume method 

is utilized as a numerical scheme. 

Keywords: Fuel cell; Numerical study; Polarization curve; Scaling; Similarity 

Nomenclature 

cj concentration of species j 

Deff effective mass diffusion coefficient 

𝑒 specific internal energy 

𝐹 Faraday constant 

ℎ specific enthalpy 

𝐼 total current density 

𝑗𝑟𝑒𝑓 reference exchange current density 

𝐿𝑐 channel length 

mj mass fraction of species j 

𝑝 pressure 

𝑅 universal gas constant 

𝑠𝑐 scale factor 

𝑇 temperature 

𝑢 axial velocity 

𝑈𝑜 open circuit potential 

𝑉𝑐 working voltage 

𝑣 lateral velocity 

𝑥 coordinate across channel 

y coordinate along channel 

Greek symbols 

𝛼 charge transfer coefficient 

𝜀 porosity 

𝜂𝑎,𝑐 anode and cathode over-potentials 

𝜅 ionic conductivity 

𝜑𝑒,𝑝 electric and ionic potentials 

𝜌 density 

𝜎 electric conductivity 

ω̇j mass rate of production of species j 

1. Introduction 

Fuel cells directly convert chemical energy into electricity, and they require the continuous sources 

of oxidizer and fuel streams to sustain the chemical reactions. The first fuel cell was invented about 

180 years ago, but the commercial use of fuel cells happened more than a century later in space 

programs of NASA. At the moment, they are widely being used in other applications, especially 

due to the fact that they are almost-zero-emission and low-noise devices with high energy 

efficiencies.  

There is a focus on fuel cell engineering to achieve higher performance and durability, better 

startup characteristics, and cost reduction. Therefore, investigations and optimizations of different 

physicochemical processes in the fuel cells are strongly under consideration yet, and the surveys 

of scientific literature show that numerous researches have been carried out numerically and 
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experimentally in this area. Some of recent studies on proton exchange membrane fuel cells 

(PEMFC) are mentioned here briefly. 

Gurau et al. [1] developed a two-dimensional (2-D) model to predict the polarization curve of the 

PEMFC using Navier Stokes equations by steady-state and single-phase assumptions. They 

analyzed the effect of some parameters such as cell temperature and inlet velocity on the 

polarization curve. Singh et al. [2] used similar model to predict the impacts of co-flow and 

counter–flow streams of fuel and oxidizer on the limiting current of the fuel cells. Dutta et al. [3] 

developed a single-phase and steady-state three-dimensional (3-D) mathematical model to 

simulate the straight channel PEMFCs and studied the effect of membrane thickness on the current 

density profiles. They also used this model to predict the temperature distribution in fuel cells [4]. 

Hsing and Futerko [5] predicted the dependence of water product leaving the anode on hydrogen 

and oxygen stoichiometries, current density, and cell temperature using 2-D model. Natarajan and 

Nguyen [6] developed a two-phase and transient 2-D model to study the dynamics of liquid water 

at the low and high current densities, and showed that the liquid water transport is the slowest 

mass-transfer phenomenon in the cathode of the PEMFCs. Wang et al. [7] performed similar study 

and illustrated the border between single- and two-phase regimes and its dependency on the air 

inlet velocity. You and Liu [8] used a two-phase model too, to study the effect of operating current 

density on the liquid saturation. 

Chu et al. [9] investigated the effect of gas diffuser layer’s porosity on the polarization curve using 

one-dimensional analysis. Burning and Djilali [10] studied the influence of working temperature 

and inlet pressure on the polarization curve of the PEMFCs by 3-D simulations. They also utilized 

this model to study the fuel cells with serpentine gas channel configurations [11]. Hu et al. [12] 

developed a two-phase 3-D model with the focus on the water content distribution in the PEM fuel 

cells. Hu et al. [13] studied numerically the polarization curve of fuel cells with interdigitated 

configurations. 

Lum and McGuirk [14] investigated the effects of electrode thickness, oxidant concentration and 

channel length on fuel cell performance by 3-D analysis. Ying et al. [15] and Inoue et al. [16] 

analyzed the impacts of channel configuration on polarization curve of the PEMFCs. Lin et al. 

[17] performed the optimization procedure to seek the optimal combination of the design 

parameters, including the channel width ratio and the porosity. Yan et al. [18] proposed a tapered 

channel configuration to improve the efficiency of fuel utilization for PEMFCs. 

Meng [19-21] developed a transient 3-D model to study the response of the fuel cell to a step 

change of the cell voltage. Secanell et al. [22] used a numerical optimization scheme in order to 

maximize the fuel cell current density at a given voltage with respect to the electrode’s composition 

parameters. Shimpalee and Van Zee [23] investigated the impacts of channel geometry and flow 

direction, and Cheng et al. [24] studied the influence of geometric parameters and catalyst layer 

composition on the performance of PEMFCs. 

Wu et al. [25] performed a numerical analysis of the dynamic performance of PEM fuel cells 

during startup or load change processes. Jang et al. [26] studied numerically the influences of the 

flow field configurations on the fuel utilization, water removal, and the cell performance of the 

PEMFCs. Gurau and Mann [27] presented an overview of the mathematical issues in the modeling 

of the multiphase transport in PEMFCs at a macroscopic scale. Min [28] used a two-phase 3-D 

model to study the water saturation distribution and cathode humidity effect on the cell 
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performance. Fontana et al. [29] investigated the influence of non-uniform cross-sectional area 

channel flow on the polarization curve. 

Massonnat et al. [30] predicted the time-variation of voltage and temperature of the PEMFCs using 

3-D numerical simulations. Mancusi et al. [31] investigated the time variation of two-phase flow 

patterns in the gas channel with tapered configuration. Chaudhary et al. [32] used a computational 

procedure to predict temporal variation of membrane water content and water saturation in fuel 

cell. Perng and Wu [33] studied the angle and the height of trapezoid baffle on the net power. Bao 

and Bessler [34] performed a 2-D model to analyze the impact of long flow channel on polarization 

curve of the fuel cells. 

The researches on PEM fuel cells can be generally divided into following categories according to 

the assumptions, accuracy of simulations, considered parameter and etc: one-, two-, or three-

dimensional simulations, steady-state or transient behavior, isothermal or variable temperature, 

single- or two-phase, flow direction, channel configuration, size and properties of different 

sections, water uptake and management, thermal management, and performance optimization. 

Scaling and similarity are important topics in mechanical engineering. The impacts of geometric 

scaling on the polarization curves of a device and circumstances in which the similarity occurs in 

some parameters are the questions at those topics. The answer to such questions has always been 

helpful in an analysis, prediction and experimentation of device’s operation especially when the 

costs of experiment or times of analysis are too high. Due to the complexities of the processes, the 

scaling and similarity in fuel cells are questionable and interesting and have not been addressed 

yet. Therefore, they are considered here specifically. 

2. Governing Equations, Assumptions and Numerical Procedure 

In this study, the two-dimensional proton exchange membrane fuel cell is considered which is 

schematically shown in Fig. 1.  

 

 
Fig. 1: Schematic configuration of problem. 

 

The flow field is assumed to be single-phase, steady-state, and isothermal. The governing 

equations of the multi-component system are presented here: 
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Where 

 
5.1DDeff   (3) 

 

There are four species in the flow field which their mass rates of change are defined as: 
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The exchange current densities are calculated by the following equations: 

 



















































































RT

F

RT

F

c

c
jj

RT

F

RT

F

c

c
jj

CCCCAC

r

refO

O

refCC

ACAAAA

r

refH

H

refAA

c

a





,,

,,

expexp

expexp

2

2

2

2

 (5) 

 

The over-potentials are defined as: 
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where [32] 
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Besides the flow field equations, the equations for electric and ionic potentials are: 
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here: 
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The ionic potential equation is solved in the catalyst layers and the membrane, but the electric 

potential equation is solved in the catalyst layers and the gas diffusion layers (GDL). Total current 

density of the fuel cell is computed by integrating the exchange current densities on anode or 

cathode catalyst layers: 

 

 
cathode

C

anode

Ac dAjdAjLI  (10) 

 

For numerical computation, the cell-centered finite-volume method is used. Viscous terms are 

treated using a central scheme and inviscid terms are treated using an AUSM+ method. The 

gradients are computed here in standard finite volume manner by using the Green’s theorem. 

The simulation procedure has been validated using various problems, and it has also been utilized 

to study different flows where details can be found in references [35-39]. The velocities and mass 

fractions of the species are specified as a boundary condition for inflow streams. The zero electric 

potential is applied on the interface of fuel channel and GDL (anode side), and the cell’s working 

voltage is applied on the interface of oxidizer channel and GDL (cathode side) for electric potential 

equation. Zero-flux boundary condition is applied on the interfaces of GDL and catalyst layer at 

both anode and cathode sides for ionic potential equation. 

3. Results and Discussion 

To investigate the problem under consideration, at first the influence of the distribution of an 

oxygen concentration inside the PEMFC is studied on its polarization curve. The geometric and 

physical parameters adopted in the present paper are introduced in Table 1. After the grid 

independency study, the mesh resolution of 105×60 is used in simulations. The polarization curve 

is shown in Fig. 2. The left sharp drop in this curve corresponds to the activation polarization, and 

the right sharp drop corresponds to the concentration polarization.  

The region of concentration polarization (mass transport limitation region) depends on the ability 

of oxygen molecules to diffuse through the oxidizer gas diffusion layer to the cathode catalyst 

layer. At high electric currents and especially when the inlet oxygen is diluted, the oxygen 

concentration in the catalyst layer (CL) is very low and the oxygen is almost entirely consumed at 

the GDL-CL interface, so the rate of the reaction that consumes the electrons cannot increase 

anymore, and concentration polarization region appears in the polarization curve. The actual 

limiting current density of this PEMFC is about 11.4 kA m-2.  
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Table 1: Geometric and physical parameters of the FC 

Quantity Value 

Fuel channel thickness (m) 1.e-4 

Fuel gas diffusion layer thickness (m) 1.e-4 

Anode catalyst layer thickness (m) 4.e-5 

Membrane thickness (m) 1.e-4 

Cathode catalyst layer thickness (m) 4.e-5 

Oxidizer gas diffusion layer thickness (m) 1.e-4 

Oxidizer channel thickness (m) 1.e-4 

Channel length (m) 6.e-2 

Fuel gas diffusion layer porosity 0.4 

Anode catalyst layer porosity 0.1 

Cathode catalyst layer porosity 0.1 

Oxidizer gas diffusion layer porosity 0.4 

Electric conductivity of fuel gas diffusion layer (Sm-1) 1.e3 

Electric conductivity of anode catalyst layer (Sm-1) 1.5e3 

Electric conductivity of cathode catalyst layer (Sm-1) 2.e3 

Electric conductivity of oxidizer gas diffusion layer (Sm-1) 3.e3 

Ionic conductivity of anode catalyst layer (Sm-1) 3. 

Ionic conductivity of membrane (Sm-1) 5. 

Ionic conductivity of cathode catalyst layer (Sm-1) 10. 

Anode reference exchange current density (Am-3) 9.e8 

Cathode reference exchange current density (Am-3) 250. 

Hydrogen concentration power 1 

Oxygen concentration power 1 

Hydrogen reference concentration (k mole m-3) 40.e-3 

Oxygen reference concentration (k mole m-3) 40.e-3 

Charge transfer coefficients 1. 

Working temperature (K) 353. 

Inlet pressures (bar) 1. 

Inlet velocities (ms-1) 5. 

Oxygen mass fraction at oxidizer stream 0.2 

 

 
Fig. 2: Polarization curve of FC. 

 

To emphasize the importance of the concentration term of the Butler-Volmer equation (eq. 5), the 

polarization curve is reproduced in two other different situations: first the concentration is kept 
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constant and equal to the inlet value, then the channel length is reduced to one-percent of the 

original length. The results are illustrated in Fig. 3. In an unrealistic situation of constant 

concentration, the maximum current density has increased to 29 kA m-2 which is about three times 

the actual value. In the short-channel situation, although the impacts of longitudinal variation of 

species concentration (along channel) are eliminated, the concentrations vary across the channel. 

So even though there is no mass transport limitation region in the polarization curve, the 

concentration affects the behavior of the PEMFC and decreases the maximum available current 

density even for short channel lengths.  

 
Fig. 3: Polarization curves in different situations. 

 

Variations of oxygen concentration along the interface of cathode catalyst layer and oxidizer gas 

diffusion layer are presented for different working potentials in Fig. 4. This figure demonstrates 

the oxygen deterioration especially for low voltages (high electric currents) that leads to the mass 

transport limiting behavior. In addition, oxygen concentration variation across the CL and GDL is 

shown in Fig. 5 to affirm the concentration effects at high currents even in short-channel PEMFCs. 

 
Fig. 4: Oxygen concentration along the CL-GDL interface for different working potentials. 
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Fig. 5: Oxygen concentration across the CL-GDL for different working potentials of the short-channel FC. 

 

Performance of the PEMFCs is an outcome of the interactions between the flow field equations 

and the electric and ionic potential equations. Although a main section of the polarization curve is 

almost linear, there are two other important regions which the mass transport region is quite 

dependent to the flow field’s behavior that determines the limiting current density of the FC. With 

regards to the mentioned complexities, the existence of the similarity in the PEMFCs is examined 

here.  

According to the physics of the governing equations, the results show that by scaling the fuel cell’s 

geometry using the scale factor of sc, there can be similar behavior for the PEMFC if the velocity 

is multiplied by sc and the diffusion coefficients (D, μ, κ, σ) are multiplied by sc2. In this case, 

the flow field and potential fields are similar and the current density is multiplied by sc. So the 

polarization curve is exactly similar in whole regions. By applying the scale factor of 0.5, the 

polarization curves are compared in Fig. 6. In addition, the profiles of the oxygen concentration 

and the ionic potential for the working voltage of 0.2 are illustrated in Figs. 7-9 which demonstrate 

the similarity of the flow and potential fields too. The similarity may help a lot in numerical and 

experimental studies on this complicated device.  

 
Fig. 6: Similarity of the polarization curves. 
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Fig. 7: Similarity of concentration profiles along the channel external wall (x=xmax). 

 

 
Fig. 8: Similarity of concentration profiles across the CL-GDL at y=Lc. 

 

 
Fig. 9: Similarity of the potential fields. 
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As mentioned, by scaling the geometry of the fuel cell, it is possible to change properly some 

parameters to have similar behavior. Here, the question is what if the geometry is just scaled 

keeping the same parameters? To investigate the impacts of geometric scaling, the considered 

PEMFC is scaled-up once and scaled-down again and the polarization curves are computed where 

are shown in Fig. 10.  

   

 
Fig. 10: Polarization curves for different geometric scaling, a) whole regions, b) activation region. 

 

The results illustrate that the geometric-scaling of the fuel cell has different impacts on the regions 

of the polarization curve. Scaling-up the fuel cell increases the current density in the activation 

region and decreases it in other regions, but the effect of scaling-down is opposite; it decreases the 

current density in the activation region and increases the current in other regions. In addition, the 

concentration polarization region is magnified by scaling-down the fuel cells. This is interesting 

because although the scale-down reduces the channel length and one may guess at a first glance 

that it attenuates the concentration effect, but this is not true and the effect of geometric change in 

cross-direction is dominant and the mass transport limiting region is amplified in this situation. 
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4. Conclusions 

Numerical studies of the proton exchange membrane fuel cells are performed here using the two-

dimensional, single-phase, steady-state, isothermal, and multi-component system of equations. 

The effects of the distribution of oxygen concentration is investigated on the polarization curve 

and it is illustrated that it is an important parameter on the fuel cell behavior and for determining 

the maximum current density even in short-channel fuel cells. The similarity of the fuel cells is 

investigated and it is concluded that using proper way to change the required parameters, similar 

behavior can be found by scaling the fuel cells. Using the geometric scale factor of sc, there can 

be the similarity in the PEMFC if the velocity is multiplied by sc and the diffusion coefficients are 

multiplied by sc2. In this case, the flow and potential fields are similar and the current density is 

multiplied by sc and the polarization curve is exactly similar in all regions. In addition, the impacts 

of geometric-scaling are studied and it is concluded that it affects the regions of the polarization 

curve differently, and scaling-down the fuel cell amplifies the mass transport limiting region, 

unexpectedly. 
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